At very high energies, the partons in the nuclear wavefunction form a color glass condensate. Since the occupation number of partons in the color glass condensate is large, classical methods can be used to compute multi-particle production in the initial instants of a high energy heavy ion collision. Non-perturbative expressions are derived relating the distributions of produced partons to those of wee partons in the wavefunctions of the colliding nuclei. The time evolution of components of the stress-energy tensor is studied and the impact parameter dependence of elliptic flow is extracted. We discuss the space-time picture that emerges and interpret the RHIC data within this framework.
I Introduction

At the Relativistic Heavy Ion Collider (RHIC), beams of Gold ions collide at center of mass energies of √ s N N = 200
GeV/nucleon. The goal is to create briefly an equilibrated state of quarks and gluons called the quark gluon plasma and to study its statistical properties [1] , in particular its change of phase to hadronic matter. It was understood very early on that the likelihood of creating this novel state of matter depended crucially on the initial conditions for the collision [2, 3, 4, 5] . There are several time scales in the problem and the appropriate values of these are determined by the initial conditions. It was also understood very early on that the initial conditions for high energy collions are determined by the "wee partons" (partons that carry a very small fraction x of the nuclear momentum) in the wavefunctions of the colliding nuclei [2] . This is because, in the language of quantum mechanics, small x refers to Fock components of the nuclear wavefunction that contain a large number of partons (mostly gluons) [6] . In a nuclear collision, these virtual excitations of the vacuum go on-shell and are therefore responsible for multi-particle production. Thus an understanding of small x physics is essential to any formulation of a theory of heavy ion collisions.
The problem of initial conditions is a difficult one because the behavior of the wee partons is mysterious and defies our naive intuition. For instance, wee partons are long wavelength excitations of the vacuum but they last for very short times 1 . The large coherence length of the excitations is also why a probabilistic picture of multi-particle production (as implemented, for instance, in parton cascade models) must fail at high energies.
A traditional view is that the physics of wee partons is intrinsically non-perturbative-for example, multi-particle production is believed to be determined by non-perturbative excitations, called Pomerons, with vacuum quantum numbers [8, 9] . It is believed that Pomerons could be constructed in perturbation theory (the BFKL Pomeron [7] ) but the status of that approach is at present unclear [10] . An alternative, increasingly popular, viewpoint is that small x physics is weak coupling physics. This approach is motivated by the idea of saturation [11] , namely, that at small x the density of partons could be sufficiently large that recombination and screening effects are significant enough to halt the growth of parton distributions 2 . The large parton density provides a semi-hard scale-the saturation scale Λ s -that controls the running of the QCD coupling constant-thereby making weak coupling methods feasible. Another consequence of this approach is that small x physics is classical because the occupation number of partons is ∼ 1/α S (Λ s ) >> 1 [13] .
Both of these ideas, the weak coupling due to high parton densities and the applicability of classical methods can be cast in the framework of an effective field theory (EFT) [13] which treats partons at large x as static sources of color charges for the to partons at small x. For a large nucleus, from the central limit theorem, these sources of color charge are Gaussian weights,
where the color charge charge density squared per unit area, Λ 2 s , interestingly, is the saturation scale we mentioned previously. The classical theory for a single nucleus is solvable analytically and the distributions of partons computed [14] . What is ad hoc in the classical picture is the separation between static sources and dynamical fields. Remarkably, a Wilsonian renormalization group procedure has been developed which quantifies this separation of scales in x in a systematic way JIMWLK. The structure of the classical field is preserved under evolution; it is the weight function P [ρ] in the effective action that obeys a renormalization group equation. The saturation scale (whose validity extends beyond the Gaussian model) now acquires energy dependence-it is a function Λ s (x) of x. The analogy of the EFT to spin glasses, and the high occupation number of fields with the momenta peaked at Λ s suggests that matter in this state is a Color Glass Condensate (CGC) [13, 16, 17] .
Our focus in this talk is on applying the Color Glas Condensate to nuclear collisions. In the following section, we will outline the classical formalism for nuclear collisions. In section 3, we will apply this formalism to compute energy and number distributions of the gluons produced in a heavy ion collision. To study non-central collisions, we will have to consider collisions of non-identical nuclei and that will require we impose stringent constraints on color neutrality at the nucleon level. These improvements allow us to discuss elliptic and radial flow as well. In the final section we will discuss an interpretation of the RHIC data and shall conclude with brief outline of open problems and potential solutions in the classical approach.
II Classical formalism for nuclear collisions
The classical EFT was first applied to the study of collisions of large nuclei by Kovner, McLerran and Weigert [18] . The model, as applied to nuclear collisions, may be summarized as follows. The colliding nuclei are idealized to travel along the light cone The high-x and the low-x modes in the nuclei are treated separately. The former corresponds to valence quarks and hard sea partons and are considered recoilless sources of color charge. Each of the large Lorentzcontracted nuclei (for simplicity, we will consider only collisions of identical nuclei) now has a Gaussian distribution of their color charge density ρ 1,2 in the transverse plane. The variance Λ s of the color charge distribution is the only dimensionful parameter of the model, apart from the linear size of the nucleus. For central impact parameters, Λ s can be estimated in terms of single-nucleon structure functions [?] . It is assumed, in addition, that the nucleus is infinitely thin in the longitudinal direction. Under this simplifying assumption, the resulting gauge fields are explicitly boost-invariant. The small x fields are then described by the classical Yang-Mills equations D µ F µν = J ν with the random sources on the two light cones:
. The two signs correspond to two possible directions of motion along the beam axis z. As shown by Kovner, McLerran and Weigert (KMW) [18] , lowx fields in the central region of the collision obey sourceless Yang-Mills equations (this region is in the forward light cone of both nuclei) with the initial conditions in the A τ = 0 gauge given by
. Here the pure gauge fields A i 1,2 are solutions of (??) for each of the two nuclei in the absence of the other nucleus.
In order to obtain the resulting gluon field configuration at late proper times, one needs to solve the YM-equations with the above mentioned initial conditions. Since the latter depends on the random color source, averages over different realizations of the color sources must be performed. KMW showed that in perturbation theory the gluon number distribution by transverse momentum (per unit rapidity) suffers from an infrared divergence and argued that the distribution must have the form n k ⊥ ∝ 1 αs
The log term clearly indicates that the perturbative description breaks down for k ⊥ ∼ Λ s .
A reliable way to go beyond perturbation theory is to reformulate the EFT on a lattice by discretizing the transverse plane. The resulting lattice theory can then be solved numerically to all orders in the color charge densities ρ 1 and ρ 2 . The lattice Hamiltonian is formulated in A τ = 0 gauge. The real time gluodynamics of gauge fields can then be studied by solving Hamilton's equations on the lattice. We shall not dwell here on the details of the lattice formulation, which is described in detail in Ref. [20, 21] . We will first consider, for simplicity, collisions of uniform, cylindrical nuclei. Keeping in mind that Λ s and the linear size L of the nucleus 3 are the only physically interesting dimensional parameters of the model [16] , we can write any dimensional quantity
where d is the dimension of q. All the non-trivial physical information is contained in the dimensionless function f q (Λ s L). We can estimate the values of the product Λ s L which correspond to key collider experiments. Assuming Au-Au collisions, we take L = 11.6 fm (for a square nucleus!) and estimate the saturation scale Λ s to ∼ 1.4 GeV for RHIC and ≈ 2.2 GeV for LHC [24] .
Also, we have approximately g = 2 for energies of interest. The rough estimate is then Λ s R ≈ 45 (for RHIC and Λ s R ≈ 72 for LHC. Since the gluon distribution in nuclei is not known to great precision, there is a considerable systematic uncertainty in these estimates. We find that, this uncertainity notwithstanding, the dependence of our results on Λ s R is rather weak in the broad regime of interest.
The assumption of uniform, cylindrical nuclei is clearly not realistic since nuclear matter is not uniformly distributed in a nucleus. Therefore, in general, we expect the saturation scale to vary from point to point in the transverse plane, namely, Λ s ≡ Λ s (x t ). Furthermore, since the initial conditions for a heavy ion collision at a fixed energy can be varied by varying the centrality of the collisions, it will be important to extend our previous considerations to collisions of finite nuclei. The most important consideration in this case is that the color charge of the quark and gluon fields in a nucleus remain confined inside its radius. That this is the case is not a natural consequence of our picture and additional constraints have to be imposed on the color charge distributions of the sources to ensure that the classical gluon fields do not "leak" outside the nucleus [24] . These constraints, termed Color Neutral I and Color Neutral II in the following, respectively require that the monopole and dipole components of the source color charge density be set to zero. The results from these color neutrality constraints will be contrasted below with those from the global color charge constraint (namely, only the color charge density integrated over the entire nucleus is set to zero) imposed in our earlier studies.
III Energy and Number distributions of produced gluons
The classical formalism has been applied to study classical gluon production arising from the "melting" of the Color Glass Condensate. The energy and number distributions were initially computed numerically for central collisions of uniform cylindrical nuclei and the dependence of these quantities on Λ s was determined [21, 22] . The initial simulations were performed for an SU(2) gauge theory [21, 22] . These simulations were extended to an SU(3) gauge theory in Ref. [23] . Recently, these distributions have been obtained for an SU(3) gauge theory for finite nuclei with realistic initial conditions [24] . For the transverse energy of gluons, we obtain the relation
The function f E is determined non-perturbatively as follows. In Fig. 1(a) , we plot the Hamiltonian density, for a particular fixed value of Λ s R = 83.7 (on a 512 × 512 lattice) in dimensionless units as a function of the proper time in dimensionless units. We note that in the SU(3) case, as in SU (2), ετ converges very rapidly to a constant value. The form of ετ is well parametrized by the functional form ετ = α + β exp(−γτ ). Here dE T /dη/πR 2 = α has the proper interpretation of being the energy density of produced gluons, while τ D = 1/γ/Λ s is the "formation time" of the produced glue.
In Figure 1(b) , the convergence of α to the continuum limit is shown as a function of the lattice spacing in dimensionless units for two values of Λ s R. In Ref. [21] , this convergence to the continuum limit was studied extensively for very large lattices (up to 1024 × 1024 sites) and shown to be linear. The trend is the same for the SU(3) results. Thus, despite being further from the continuum limit for SU(3) (due to the significant increase in computer time), a linear extrapolation is justified. We can therefore extract the continuum value for α. We find f E (25) = 0.537 and f E (83.7) = 0.497. The RHIC value likely lies in this range of Λ s R. The formation time τ D = 1/γ/Λ s is essentially the same for SU(2)-for Λ s R = 83.7, γ = 0.362 ± 0.023. As discussed in Ref. [21] , it is ∼ 0.3 fm for RHIC and ∼ 0.13 fm for LHC (taking Λ s = 2 GeV and 4 GeV respectively).
We now combine our expression in Eq. (1) with our non-perturbative expression for the formation time to obtain a non-perturbative formula for the initial energy density,
s . This formula gives a rough estimate of the initial energy density, at a formation time of τ D = 1/γ/Λ s R where we have taken the average value of the slowly varying function γ to beγ = 0.34.
To determine the gluon number per unit rapidity, we first compute the gluon transverse momentum distributions. The procedure followed is identical to that described in Ref. [22] -we compute the number distribution in Coulomb gauge, ∇ ⊥ · A ⊥ = 0. In Fig. 2(a) , we plot the normalized gluon transverse momentum distributions versus k T /Λ s with the value Λ s R = 83.7, together with SU(2) result. Clearly, we see that the normalized result for SU(3) is suppressed relative to the SU(2) result in the low momentum region. In Fig. 2(b) , we plot the same quantity over a wider range in k T /Λ s for two values of Λ s R. At large transverse momentum, we see that the distributions scale exactly as N 2 c − 1, the number of color degrees of freedom. This is as expected since at large transverse momentum, the modes are nearly those of non-interacting harmonic oscillators. At smaller momenta, the suppression is due to non-linearities, whose effects, we have confirmed, are greater for larger values of the effective coupling Λ s R.
The SU(3) gluon momentum distribution can be fitted by the following function,
with a 1 = 0.0295, m = 0.067Λ s , T eff = 0.93Λ s , and a 2 = 0.0343. At low momenta, the functional form is approximately that of a Bose-Einstein distribution in two dimensions even though the underlying dynamics is that of classical fields. The functional form at high momentum is motivated by the lowest order perturbative calculations [19, 18, 26] .
Integrating our results over all momenta, we obtain for the gluon number per unit rapidity, the non-perturbative result,
s . We find that f N (83.7) = 0.3. The results for a wide range of Λ s R vary on the order of 10% in the case of SU(2).
For realistic nuclei, these non-perturbative relations are less simple. One can parametrize our results for the gluon number with the more general relation
where
, whereρ is the participant density at a particular position in the transverse plane, and C is the color charge squared per nucleon. When Λ s (b, x T )=constant, as for cylindrical uniform nuclei, one recovers the form of the expressions in Refs. [22, 23] . The color charge squared in the center of the nucleus is
0). One can then re-write the previous equation as
where ρ 0 =ρ(0, 0) = 4.321fm
In Tables I and II, we show the calculated SU(3) results for two values of the saturation scale in the center of the nucleus: Λ s0 = 1.41 and Λ s0 = 2.32 GeV respectively. In the tables, b is an impact parameter (in units of fm) and N part is a number of participants at that impact parameter. The latter is calculated using a Woods-Saxon nuclear density profile. We list in the tables our results, as a function of impact parameter, for g 2 N g ; the number of produced gluons and g 2 E g ; the transverse energy of produced gluons in GeV multiplied by the value of the strong coupling constant squared g 2 , evaluated (to one loop order) at the average value of the saturation scale (denoted in the tables as Q s (b)) for that impact parameter. Table I . Λ s0 = 1.41 GeV. In the calculation, lattice size of 256 × 256 and nuclear radius of 64 in lattice units is used. All dimensionful scales are in GeV units unless otherwise stated. Table II . Λ s0 = 2.32 GeV. In the calculation, lattice size of 512 × 512 and nuclear radius of 128 in lattice units is used. All dimensionful scales are in GeV units unless otherwise stated. 
IV Elliptic Flow
The azimuthal anisotropy in the transverse momentum distribution has been proposed as a sensitive probe of the hot and dense matter produced in ultra-relativistic heavy ion collisions [27] . A measure of the azimuthal anisotropy is the second Fourier coefficient of the azimuthal distribution, the elliptic flow parameter v 2 . Its definition [28] is
The first measurements of elliptic flow from RHIC, at center of mass energy √ s N N , have been reported recently [29] . Hydrodynamic model calculations provide good agreement, for large centralities, and for particular initial conditions and equations of state, with the measured centrality dependence of the data. The agreement at smaller centralities is less good, perhaps reflecting the breakdown of a hydrodynamic description in smaller systems. Hydrodynamic models are also in excellent agreement with the p t dependence of the unintegrated elliptic flow parameter v 2 (p t ) up to 1.5 GeV/c at mid-rapidity [30] . However, above 1.5 GeV, the experimental distribution appears to saturate, while the hydrodynamic model distribution continues to rise. It has been argued recently that jet quenching might explain this saturated behavour of v 2 (p t ) [31] . We should also note here that hadronic transport model calculations underestimate the RHIC v 2 data [29, 32] . We will now apply the classical Yang-Mills approach to compute the elliptic flow generated in a nuclear collision. As previously, we assume boost invariance-the lattice Hamiltonian is the Kogut-Susskind Hamiltonian in 2+1-dimensions coupled to an adjoint scalar field in A τ = 0 gauge [20] . In our earlier work, periodic boundary conditions were imposed to compute the space-time evolution of the gauge fields after the collision [21, 22, 23] . Since, as discussed previously, elliptic flow is a consequence of an initial spatial anisotropy, periodic boundary conditions are inadequate and open boundary conditions are required. This technical improvement has been implemented in the work described here.
The rest of the numerical procedure is as discussed in our previous work [20, 21, 22, 23] . For each configuration of color charges sampled for Λ 2 s , we solve Hamilton's equations on the lattice for the gauge fields and their conjugate canonical momenta. We compute the space-time evolution of the components of the Stress-Energy tensor, in particular, the two transverse components of the pressure T xx and T yy as well as the energy density T 00 . In order to calculate v 2 within our model, we apply the cooling method which was proposed in our previous work [22] . There we obtained, for the total number of classically produced gluons, the equation
where V (t) is the potential energy for a system of free harmonic oscillators as a function of the cooling time t. It is clear that the gluon number defined in this manner is gauge invariant. For v 2 , one can similarly prove that
As in the case of the gluon number, this expression is gauge invariant. We now turn to our results [25] . In Fig. 3 , we plot τ T xx , τ T yy and the proper time τ times the energy densityτ ε, in dimensionless units as a function of τ , also in dimensionless units, for a particular value of Λ s0 R and impact parameter b. We observe that τ T xx and τ T yy increase very rapidly at very early times and then decreases quickly as well, before saturating at a much later time. Their magnitudes are the same right after the collision but begin to differ shortly thereafter generating an anisotropy. Note that τ ε too rises nearly as rapidly but has a smaller maximum value before relaxing to its asymptotic value. The asymptotic values of τ T xx and τ T yy differ from each other (and from τ ε). Also, interestingly, the energy density ε at late times equals the sum of the two components T xx and T yy of the pressure in the transverse plane. All of the described behavior is generic for all values of Λ s0 R.
Our interpretation of the results presented in Fig. 3 is as follows. The components T xx and T yy of the pressure are spatial gradients of the gauge fields. Even at the earliest times, the gauge fields decrease sharply to the edges of the "almond" characterizing the initial spatial anisotropy. One therefore gets a finite contribution to T xx and T yy . Since the initial decrease in the gauge fields at the edges is similar in the x and y directions, the values of T xx and T yy should be similar in magnitude; indeed, Fig. 3 demonstrates that this is the case. Subsequently, the strong non-linear interactions of the gauge fields smooth out their spatial dependence. Eventually, the interactions die off and the system free streams in the transverse plane. This is confirmed by the fact that ε ∼ T xx + T yy at late times. We now turn to our result for the impact parameter dependence of v 2 . In Fig. 4 , we plot v 2 (computed using the definition in Eq. (7)) versus n ch /n max .
We note, as anticipated, that v 2 increases with increasing impact parameter. The ratio n ch /n max is computed selfconsistently within the model. For very peripheral collisions, we expect that the predictions of the model are unreliable since a hard sphere nuclear matter distribution should be replaced by a Wood-Saxon distribution in this regime. The absolute prediction of the model with the data gives about half of the observed v 2 . The rest of the anisotropy must be generated at later times-presumably by hydrodynamic flow. Interestingly, the dependence of v 2 on Λ s0 R is rather weak. For a fixed impact parameter, a prediction of the model is that as Λ s0 R → ∞, we would have the classical contribution to the elliptic flow go to zero: v 2 → 0. This is because increasing Λ s R is equivalent to increasing R and therefore reducing the initial anisotropy. This again contradicts the trend in the RHIC data suggesting that the late time dynamics is important for the elliptic flow. The momentum distribution v 2 (p t ) has also been computed in Ref. [25] . The shape and the magnitude of this distribution also disagrees with the RHIC data.
V The CGC and RHIC data
The classical formalism discussed here is applicable only in the initial instants of a nuclear collision. It is inapplicable once the occupation number f << 1. Moreover, the final states observed are hadrons while the CGC predicts only the initial distribution of gluons. Subsequent interactions may lead to a thermalized Quark Gluon Plasma. The possibility that the CGC thermalizes has been discussed extensively [33] . It was argued recently that for asymptotic values of the saturation scale (Λ s → ∞) the CGC matter does indeed thermalize [34] . For realistic values of the saturation scale, the situation is unclear.
We will assume here, minimally, that gluonic matter formed from the CGC interacts very strongly in the transverse plane at early times and then free streams. Since the typical momentum of the gluons (∼ Λ s ) is large than the hadronization scale (∼ Λ QCD ), the gluons may further fragment independently before hadronizing. Invoking partonhadron duality at hadronization then enables us to compare our results to the data. From the numerical simulations described previously we find that if we fit the total hadron multiplicity at √ s N N = 130 GeV (directly equating initial num. of gluons=final num. of hadrons) we find that we obtain a value of E t /N that's proportional to Λ s and significantly larger than the observed value (see Tables 1 & 2) . Within the framework of the model, it is clear why this is the case-the CGC overestimates the contributions from high p t > Λ s -this is more pronounced in E t since it is a more ultraviolet sensitive quantity. A more careful treatment of this regime will reduce the global ratio of E t /N . One still expect that E t /N to be significantly larger than the measured number. Now E t /N is not a conserved quantity and will reduce due to both independent fragmentation of the gluon "mini-jets" or hydrodynamic flow or both. Which of these is correct will become clearer once more RHIC data is available. Kharzeev and Nardi [35] have shown that saturation+parton-hadron duality reproduces the centrality dependence of the RHIC data. Further, Kharzeev and Levin [36] have shown that the rapidity and energy dependence of the RHIC data (going from √ s N N = 130 GeV to √ s N N = 200 GeV) is predicted accurately in the same scenario. Schaffner-Bielich et al. [37] have shown that the RHIC p t data in a large kinematic region show an m t scaling consistent with saturation. (The saturation scale extracted from the m t scaling of the p t spectra at different centralities reproduces the centrality dependence of the RHIC data.) The flaw in the ointment is the v 2 data discussed here which disagrees with the RHIC data-this suggests the importance of final state processes and the possible thermalization of produced matter. On a theoretical level, several improvements can be made to the picture presented here. Firstly, it would be interesting to study the effect of rapidity dependence on the gauge fields -is the system stable under rapidity dependent perturbations? Another interesting, if much more difficult, problem is to match the classical field simulations to a kinetic approach when the occupation numbers fall below unity. This would be the appropriate time at which parton cascade type simulations would be relevant [38] . Finally, how does one extend the renormalization group treatment of the single nucleus problem to that of two nuclei. Despite the formidable challenges, we believe that the QCD based classical formalism presented here is a concrete step towards a theory of high energy heavy ion collisions.
